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Abstract

Nowadays color image processing is an essential issue in computer vision. Variational formulations provide a framework for color
image restoration, smoothing and segmentation problems. The solutions of variational models can be obtained by minimizing appropri-
ate energy functions and this minimization is usually performed by continuous partial differential equations (PDEs). The problem is usu-
ally considered as a regularization matter which minimizes a smoothness plus a regularization term. In this paper, we propose a general
discrete regularization framework defined on weighted graphs of arbitrary topologies which can be seen as a discrete analogue of classical
regularization theory. The smoothness term of the regularization uses a discrete definition of the p-Laplace operator. With this formu-
lation, we propose a family of fast and simple anisotropic linear and nonlinear filters which do not involve PDEs. The proposed
approach can be useful to process color images for restoration, denoising and segmentation purposes.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Today color images are everywhere; indeed it is very
easy for people to produce a huge amount of color images
thanks to the advances in digital technologies. Color
images allow us to perform a lot of complex tasks on a
daily basis but to communicate and transmit information
too. Just try to think about the amount of multimedia
documents in which color plays an extremely important
role; for instance in printing, photographs, digital
television, computer displays, cinema movies. In addition,
as with color multimedia documents are extremely easy
to create, share, and reproduce, the processing of color
images is becoming a crucial problem in the field of image
processing [54]. Numerous approaches can be found to
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process color images and among those, variational models
have been extremely successful in a wide variety of comput-
er vision problems such as image restoration and image
segmentation.

Variational formulations provide a framework that can
handle such problems and provide algorithms for their
solutions. Solutions of variational models can be obtained
by minimizing appropriate energy functions, and this min-
imization is usually performed by designing continuous
partial differential equations (PDEs). PDEs [4] are written
in a continuous setting referring to images, and once the
existence and the uniqueness of the solution have been
proved, they are discretized in order to have a numerical
solution. One typical use of PDEs is image restoration
and a lot of authors have proposed color image enhance-
ment or restoration with PDEs [17,59,64,67].

Let f : X � R2 ! R be an initial image (for the sake of
clarity we assume that X is a rectangle of R2) and let f 0 be
an observed degraded (noisy) image of f so that:
f 0 ¼ f þ g ð1Þ
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where g is additive noise of variance r2 induced by the
recording system. To restore the degraded image f0 is
equivalent to reconstruct f from f0. Therefore, we have to
solve (1) for f which is an ill-posed problem [5]. This can
be solved by variational approaches and finding f can be
formulated as minimizing an energy functional of the fol-
lowing form:

Eðf ; f 0; kÞ ¼ Esmoothðf Þ þ kEfidelityðf ; f 0Þ ð2Þ

This idea was initially introduced by Tikhonov [60]. The
term Esmooth measures the smoothness of the regularized
image f (regularization term), Efidelity measures the close-
ness of the regularized image f to the input image f 0 and
k P 0 is a constant scalar weight (the so-called Lagrange
multiplier [4], which can be adaptive [30]) which controls
the ratio between fidelity and regularization terms. With-
out loss of generality, we restrict ourselves to the following
family of variational problems:

min
f2H

Epðf ;f 0;kÞ¼
Z

X
ðkrf kpþkkf � f 0k2

HÞ
� �

;p¼ 1 or 2:

ð3Þ

The smoothness term in Ep measures the p-smoothness of f

on the image domain X. The fidelity term is the square
norm of a given Hilbert space H. The regularized image
f which minimizes (3) can be solved using gradient-descent
method and the Euler-Lagrange equation of Ep. The result-
ing PDEs are discretized and solved by numerical calculus
algorithms. Over the last decade, PDE-based methods have
been widely used for image regularization (see in [17] for a
complete review) and can be classified into major categories
according to whether they use or not the fidelity term. The
most famous work using only the regularization term was
introduced by Perona and Malik to perform nonlinear dif-
fusion [48]. The most famous work using both regulariza-
tion and fidelity terms is the total variation (TV) model
proposed by Rudin, Osher and Fatemi [50] to perform edge
preserving image denoising. In (3), when p = 1 and
H ¼ L2, Esmooth is the total variation energy (TV), and
E1 corresponds to the Rudin, Osher and Fatemi (ROF)
model. It is a nonlinear method which reduces the image
blurring in the denoising process. When p = 2, E2 corre-
sponds to the Tikhonov regularization.

Several approaches have extended variational models to
vector valued images f : X � R2 ! Rm and more particularly
to color images (m = 3) [53,8,32]. Sapiro and Ringach [53]
regard an image as a parametrized two dimensional surface
in Rm and use the difference between eigenvalues of the first
fundamental form as a measure of edge strength. Blomgren
and Chan [8] generalized TV regularization to vector data as
the Euclidean norm of the vector of total variations. Keren
and Gotlib [31] propose to augment standard regularization
by adding a correlation term which measures color smooth-
ness. This correlation term relies on geometric measures on
the angle between adjacent pixels. Kimmel, Malladi and
Sochen [32] regard an image as a surface in Rmþ2 and propose
an area minimizing flow [32] (called the Beltrami flow) to per-
form edge preserving denoising [11]. Smolka and Lukac
[57,56] propose to combine forward and backward anisotropic
diffusion with incorporated cooling process, which makes it
possible for them to remove image noise while enhancing
image edges. Levine, Stanich and Chen [35] propose to com-
bine isotropic and anisotropic TV-based diffusion depending
on the local image information. This approach is effective to
remove noise and retains sharp edges while avoiding the stair-
casing effect. Finally, Tschumperlé [65] has recently proposed
a generic constrained regularization formalism capable of
anisotropically smoothing color images with PDEs while pre-
serving natural curvature constraints.

Such variational models have been extensively studied in
theory and in practice (see in [17] for a recent review). How-
ever, they have several drawbacks. First, they are defined on
a continuous setting and require a discretization. It might be
more suitable to have a direct discrete formulation for
images since an image is a discrete grid. Moreover, a dis-
crete formulation of regularization is quite interesting since
a lot of data can be represented by a graph of arbitrary
topology and those data often need to be regularized too
(point clouds for instance). Second, PDEs have a very local
behavior and even with efficient numerical schemes, they
can be very time consuming algorithms. Thirdly, the numer-
ical schemes needed for the discretization of PDEs require
that the data to regularize have a grid topology. Therefore,
PDEs are not well suited to perform the regularization of
data organized in a totally arbitrary topology: with data
represented by graphs of arbitrary topology, the continuous
regularization is not directly applicable.

Discrete methods might therefore be more suitable
than PDEs in some cases. For instance, vector median
filters (VMF), introduced by Astola [3], are a widely used
discrete approach to vector-valued signal and color
image denoising [39,36,44,49,61]. The definition of the
multichannel median is a direct extension of the ordinary
single-channel median definition [3]. The output of these
filters is defined as the lowest ranked vector according to
a specific ordering technique, typically the reduced order-
ing based on aggregated distances [55,38]. VMF are
robust estimators due to the employed minimization con-
cept [38]: the VMF output is the sample that minimizes
the aggregated distance to the other samples. For further
details, one can refer to the most recent overviews of
vector processing for color image filtering and enhance-
ment in [37,38]. Caselles et al have shown [12] that for
the scalar case, there is a close relationship between
median filtering, inf-sup morphological operations, and
partial differential equations. For the color case, Caselles
considers a lexicographic ordering of color vectors and
obtains the same connections.

In this paper, we transcribe the continuous regulariza-
tion framework of PDEs presented above into a discrete
domain defined on weighted graphs of arbitrary topologies.
The discrete minimization problem analogue to problem
(3) is formalized by:
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minf2HðV Þ Epðf ;f 0;kÞ¼
X
v2V

krf ðvÞkpþkkf � f 0k2
HðV Þ

( )
;

p¼ 1 or 2; ð4Þ

where V is a set of vertices, HðV Þ is a given Hilbert space
defined on V and i$f(v)i is the norm of a given discrete
gradient.

The main advantage is that we do not have to solve a PDE
and we can apply this method on any data assuming they can
be represented by a graph of the arbitrary topology. A for-
malism is therefore proposed to perform regularization on
graphs structures. This regularization is expressed directly
in a discrete setting. Therefore, unlike the PDE case, no
discretization problems have to be overcomed. Discrete regu-
larization on unweighted graphs has already been proposed
for images represented as grid graphs such as the TV digital
filter [16]. In [16] Chan, Osher and Shen show that iterating
such an unweighted filter for p = 1 leads to the minimization
of the total variation. One can find several papers treating
of the exact minimization of (4) in the case of p = 1
[14,19,20,24,25]. For instance, the methods introduced by
Chambolle [14] and Darbon [20] can be considered as discrete
regularization on unweighted graphs which yield to Markov
random fields where only binary variables are involved in the
minimization. Discrete regularization on graphs has also been
used for semi-supervised data classification [6,69,70]. Let’s
use those works as our bases: we propose a regularization
framework on weighted graphs of arbitrary topologies which
defines a family of simple and fast anisotropic linear and non-
linear filters. The proposed framework can be applied to a
wide range of color image processing applications.

The paper is organized as follows. In Section 2, after
having recalled basic definitions on weighted graphs and
quoted some graph structures for the case of color image
processing, we present differential geometry on graphs
which is similar to the one proposed by Benssoussan [7]
and Zhou [69,70]. In Section 3, we present a general frame-
work for discrete regularization on graphs [9]. In Section 4,
we show how regularization on graphs can be applied to
color image restoration, denoising, and segmentation.
Finally, main ideas, results, and future objectives are sum-
marized in Section 5.
2. Differential geometry on graphs

Differential geometry on graphs is a discretization of
classical differential geometry in the continuous case.
2.1. Preliminaries on graphs

A graph is a structure used to describe a set of objects
and the pairwise relations between those objects (links
between objects). The objects are called vertices (or nodes)
and a link between two objects is called an edge. We pro-
vide some basic definitions on graph theory (further details
can be found in [21]). A graph G is a couple G ¼ ðV ;EÞ
where V is a finite set of vertices and E is a subset
E ˝ V · V. The elements of V are the vertices of the graph
and the elements of E are the edges of the graph. Two ver-
tices u and v are adjacent vertices if the edge (u,v) 2 E. In
the rest of this paper, we only consider simple graphs which
are always assumed to be connected, undirected with no
self loops (see in [9,21,70] for details on these notions).

A graph as defined above is said to be weighted if it is
associated with a weight function w : E! Rþ satisfying
w(u,v) > 0 for (u,v) 2 E, w(u,v) = 0 for (u,v) 62 E and
w(u,v) = w(v,u) for all edges in E since we consider undirected
graphs. The degree function of a vertex d : V ! Rþ is
defined to be dðvÞ ¼

P
u�vwðu; vÞ where u � v denotes all

vertices u connected to v by the edges (u,v) 2 E.
Now we can define the space of functions on graphs. Let

HðV Þ denote the Hilbert space of real-valued functions on
vertices, in which each f : V ! Rþ assigns a real value f(v)
to each vertex v. The function space HðV Þ can be endowed
with the usual inner product hf ; giHðV Þ ¼

P
v2V f ðvÞgðvÞ

where f and g denote two functions in HðV Þ. A function
f in HðV Þ can be thought as a column vector in RjV j.
The norm of a function f induced from the inner product
is kf k ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
hf ; f i

p
. Similarly, one can define HðEÞ as the

space of real-valued functions on edges, in which each
h : E! Rþ assigns a real value to each edge e. This func-
tion space can be endowed with the usual inner product
hh; liHðEÞ ¼

P
ðu;vÞ2Ehðu; vÞlðu; vÞ where h and l denote two

functions in HðEÞ defined on E! Rþ.
Any general discrete domain can be modeled by a graph.

Therefore, graphs are very well adapted to computer vision
problems. We can quote many examples where graphs can
be used to represent image data:

• Grid graphs [16] which are natural structures corre-
sponding to the definition of digital images: vertices rep-
resent pixels and edges represent pixel adjacency
relationship.

• Region Adjacency Graphs (RAG) [62] which provide
very useful and common ways of describing the struc-
ture of a picture: vertices represent regions and edges
represent region adjacency relationship.

• Color adjacency graphs [43] which represent color clus-
ters in the chromatic histogram: vertices represent a set
of colors belonging to a same cluster and edges represent
the adjacency of color clusters.

• Nearest neighbor (k-NN) graphs [27] are proximity
graphs which (for a set of points in a metric space) asso-
ciate to every vertex a single vector. Edges correspond to
links to neighbor vectors. Every vertex has exactly k
edges to the k nearest vectors according to a given dis-
tance function.

Therefore, graph structures are extremely useful and
occur naturally while processing digital images. A graph
can be associated to any color image representation
according to the definition of a distance or a similarity.
Processing color images comes to processing graphs, the
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vertices models and edges weights of which depend on col-
orimetric properties of the image. The topology of the
graph depends on the problem under consideration: grid
graphs for image restoration, region adjacency graphs for
image segmentation, color adjacency graphs for image
clustering, and nearest neighbor graphs for image categori-
zation. In this paper, discrete regularization for graphs of
the arbitrary topology is proposed. Since the topology
can be arbitrary, the regularization can be adapted to each
computer vision problem by defining specific functions
f 2HðV Þ on vertices and functions h 2HðEÞ on edges.

2.2. Gradient and divergence operators

The difference operator d : HðV Þ !HðEÞ on
G ¼ ðV ;EÞ of a function f 2HðV Þ on an edge (u,v) linking
two vertices u and v is defined for all (u,v) 2 E as

ðdf Þðu; vÞ ¼ ðdf Þuv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðu; vÞ

p
ðf ðvÞ � f ðuÞÞ ð5Þ

In the lattice case, the difference degrades to (f (v) � f (u))
which is the standard difference definition in numerical
analysis.

The edge derivative of
oe jv : HðV Þ ! Rþ of a function f at

vertex v along the edge e = (u,v) is defined as

of
oe

����
v

¼ ðdf Þðu; vÞ

It is also denoted by ovf (u). This definition is consistent
with the continuous definition of the derivative of a func-
tion, e.g., if f (v) = f (u) then of

oe jv ¼ 0. Clearly one has
of
oe jv ¼ �

of
oe ju (ovf(u) = ouf(v)) and ouf (u) = 0.

Given a function f 2HðV Þ and a vertex v, the gradient
of f at vertex v is the vector operator defined asr : V ! RN

by

rf ðvÞ ¼ rvf ¼ ðovf ðuÞ : ðu; vÞ 2 E; u � vÞT ð6Þ

where u � v means that u and v are connected by an edge.
Then, the norm of the graph gradient $f at vertex v or the
local variation of f at vertex v is defined as krk : RN ! Rþ

krvf k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
u�v

ðovf ðuÞÞ2
r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
u�v

wðu; vÞðf ðvÞ � f ðuÞÞ2
r

ð7Þ

The norm of the gradient measures the roughness of a
function around a vertex. Let R denote a functional on
HðV Þ, for any p 2 [1,+1) which is defined by
Rpðf Þ ¼

P
v2V krvf kp. This functional Rp can be seen as

the measure of the smoothness of f since it is the sum of
the local variations at each vertex.

The graph divergence operator is an operator
div : HðEÞ !HðV Þ which satisfies

hdf ; hiHðEÞ ¼ hf ;�divðhÞiHðV Þ
with f 2HðV Þ and h 2HðEÞ. This operator �div is
therefore the adjoint operator d* of the difference opera-
tor d. From the definition of the inner products in HðV Þ
and HðEÞ and Eq. (5), one can prove that the graph
divergence of a function h 2HðEÞ at a vertex v can be
expressed as

ðd�hÞðvÞ ¼ ð�divðhÞÞðvÞ

¼
X
u�v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wðv; uÞ

p
hðu; vÞ � hðv; uÞð Þ ð8Þ

The divergence operator measures the net outflow of func-
tion h 2HðEÞ at each vertex v of G.

2.3. p-Laplace operator

The classical graph Laplacian can be considered as a dis-
crete analogue of the Laplace–Beltrami operator on Rie-
mannian manifolds. The graph Laplacian is an operator
D : HðV Þ !HðV Þ defined as Df = �div(df) = d*(df). The
graph Laplacian is a linear operator because both the gra-
dient and divergence operator are linear. Furthermore, it is
self-adjoint:

hDf ; giHðV Þ ¼ hdf ; dgiHðEÞ ¼ hf ;DgiHðV Þ
and positive semi-definite:

hDf ; f iHðV Þ ¼ hdf ; df iHðEÞ ¼ Rpðf ÞP 0

which implies that

Df ¼ oRpðf Þ
of

ð9Þ

The classical graph curvature is a nonlinear operator
j : HðV Þ !HðV Þ defined as jf ¼ �divð df

krf kÞ ¼ d�ð df
krf kÞ.

We can generalize the graph Laplacian and curvature to
an operator which can be considered as a discrete analogue
of the p-Laplacian in the continuous case [63]. The graph
p-Laplacian is an operator Dp : HðV Þ !HðV Þ with
p 2 [1,+1) defined as

Dpf ¼ �div krf kp�2df
� �

¼ d� krf kp�2df
� �

ð10Þ

Clearly, one has D1 = j and D2 = D. Substituting (5) and
(8) into the definition (10) of Dpf, we obtain:

ðDpf ÞðvÞ ¼
X
u�v

cðu; vÞðf ðvÞ � f ðuÞÞ ð11Þ

where c (u,v) is the function defined by

cðu; vÞ ¼ wðu; vÞ krf ðvÞkp�2 þ krf ðuÞkp�2
� �

ð12Þ

which generalizes the classical graph Laplacian and curva-
ture. In general Dp is nonlinear (except in the case of p = 2)
and it is positive semi-definite.

Practically, to avoid having a zero denominator to
compute the curvature, the graph gradient i$vf ip � 2 has
to be replaced by its regularized version krvf kp�2

e ¼
ðeþ krvf kp�2Þ where e > 0 is a small positive parameter
called the regularization parameter [16], fixed to 10�5 in
our experimentation. As stated in [16], the performance
of the regularization is insensitive to e as long as it is kept
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small. The use of e is needed to reduce degeneracies in flat
regions where i$vfi � 0. This is a commonly used technique
[17] and this leads to the minimization of the following
energy (note the presence of e):

minf2HðV Þ Ee
pðf ; f 0; kÞ ¼

X
v2V

krf ðvÞkp
e þ kkf � f 0k2

HðV Þ

( )
;

p ¼ 1 or 2; ð13Þ

The obtained solution is therefore an approximation of the
TV solution. For the sake of clarity, we keep the notation
i$v f ip�2 instead of krvf kp�2

e in the rest of the paper. As
pointed in [18], when e is close to 0, the domain of conver-
gence is small. To overcome this, some works consider an
evolving value for e (e.g. [18,23]). In this study neither do
we consider this issue, nor the kind of approximation that
is introduced by e. One way to avoid the use of e is to con-
sider the dual formulation (see in [15] and the references
therein).
3. Regularization on graphs

In this section, we propose a general framework to reg-
ularization on graphs. We recall that a graph is considered
as a discrete representation of data. Therefore, the pro-
posed framework is devoted to the regularization of data
living on graphs. We do not make any assumptions on
the topology of the graph and on the dimensionality of
the data: they can be arbitrary. For the sake of clarity we
present this framework for scalar images which are, in this
case, represented as a grid graph, but the principle is the
same for color images. In this paper, color images are con-
sidered as red-green-blue images. A color image f is there-
fore composed of three channels f1, f2, f3 where the term fi

denotes red (for i = 1), green (for i = 2) and blue (for
i = 3). The regularization framework is applied in a
component-wise manner (each channel is processed
independently). Section 3.4 will provide further details on
how we manage the case of color image regularization to
have a coupling between the independent channel
regularizations.
3.1. General framework

Given a graph G ¼ ðV ;EÞ associated with a weighting
function w : E! Rþ, we want to perform the p-Laplace
regularization of a function f 0 2HðV Þ using the p-La-
place operator. It consists in seeking for a function f *

which is smooth and simultaneously close to the function
f0. This comes to consider general variational problems
on graphs. The goal is, given a function f 0 2HðV Þ, to
find a function f � 2HðV Þ which is not only smooth
enough on G but also close enough to the given function
f. This can be formalized by minimizing a weighted sum
of two energy terms:
f � ¼ minf2HðV Þ Ep ¼ Rpðf Þ þ kkf � f 0k2 ¼
X
v2V

krvf kp

(

þk
X
v2V

kf � f 0k2

)
ð14Þ

The first term is the smoothness term or regularizer, which
requires f not to change too much between closely related
objects. The second term is the fitting term, which says that
f should not be far away from f0. The parameter k P 0 is a
fidelity parameter called the Lagrange multiplier which
specifies the trade-off between the two competing terms.
Both terms of the energy Ep are strictly convex functions
of f [16,13], therefore, by standard arguments in convex
analysis, this optimization problem has a unique solution
for p = 1 or p = 2 which satisfies:

oEp

of

����
v

¼ 0; 8v 2 V ð15Þ

Using the property (9) of the p-Laplace operator to com-
pute the derivative of the first term in Ep, Eq. (15) can be
rewritten as follows:

ðDpf �ÞðvÞ þ 2kðf �ðvÞ � f 0ðvÞÞ ¼ 0; 8v 2 V ð16Þ

The solution f of (14) is also the solution of (16). Substitut-
ing the expression of the p-Laplace operator into (16), we
obtain:

2kþ
X
u�v

cuv

 !
f �ðvÞ �

X
u�v

cðu; vÞf �ðuÞ ¼ 2kf 0ðvÞ; 8v 2 V :

ð17Þ

Among the existing methods [10,28] which can be used to
solve (17), we use the Gauss–Jacobi iterative algorithm
[26,33]. Let t be the iteration step, and let f (t) be the solu-
tion of (17) at the step t. The initial function f (0) can be ini-
tialized to f 0. The corresponding linearized Gauss–Jacobi
iteration is given by:

f ðtþ1ÞðvÞ¼ 2k
2kþ

P
u�v

cðtÞðu;vÞf
0ðvÞþ

P
u�v

cðtÞðu;vÞf ðtÞðuÞ

2kþ
P
u�v

cðtÞðu;vÞ ;8v2 V ;

ð18Þ

where c(t) is the function c(u,v) at the step t. One can note
that the value of f(v) for a given iteration (t + 1) depends
on two quantities: the original value of f at v (f 0(v)) and
the values for iteration t in the neighborhood of v. Coeffi-
cients are associated to those quantities which depend on
the sum of weighted local variations.

The global algorithm to compute the solution of (14) has
the following inputs: the graph G ¼ ðV ;EÞ and its weight
function w, the parameter k, the smoothness degree p, the
initial function f 0 = f (0), and the number of iterations i.
First, the weights are initialized for each edge of E. Then,
for each step t = 0, . . . ,i and:
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(a) for each v 2 V, the term f (t+1)(v) is computed accord-
ing to (18),

(b) for each edge (u,v) 2 E, the function c(t+1)(u,v) is
updated according to (12).

The case of an arbitrary p is not considered in this paper
and we reduce ourselves to p = 1 and p = 2. The proposed
filters are nonlinear in the case of p = 1 and linear in the case
of p = 2. The c coefficients are updated for each iteration
only in the case of p = 1. In the case of p = 2 and if k „ 0,
the optimal solution can be obtained by iterating (a) until
convergence, e.g. until |f (t+1) � f (t)| < e, with e fi 0.

3.2. Regularization Algorithm for p = 2

When p = 2, it follows from (16) that the solution of (14)
is based on the Laplacian operator and satisfies

Df � þ 2kðf � � f 0Þ ¼ 0 ð19Þ
This can be considered as a discrete analogue of the Euler–
Lagrange equation. In this case, the filter presented in Sec-
tion 3.1 is linear and for k „ 0 converges to the solution of
(14). The iterative scheme used to solve this is expressed by:

f 0 ¼ f

f ðtþ1ÞðvÞ ¼ 2k
2kþ
P
u�v

wðu;vÞ
f 0ðvÞ þ

P
u�v

wðu;vÞf tðuÞ

2kþ
P
u�v

wðu;vÞ
; 8v 2 V ;

8><
>: ð20Þ

where t indicates the iteration step. We define the function
c : V ! Rþ by cðvÞ ¼ 1

2kþ
P

u�v
wðu;vÞ

and the iterative scheme
is then expressed by:

f ðtþ1ÞðvÞ ¼ 2kcðvÞf 0ðvÞ þ cðvÞ
X
u�v

wðu; vÞf tðuÞ; 8v 2 V ;

ð21Þ
For each iteration, the new value of f at v, only depends on
a weighted average of the existing values in the direct
Fig. 1. Test image. (a) Initial test image. (b) Cropped and zoomed part of
(a).
neighborhood of v, and the original value at v. The ob-
tained filtering is a low-pass filter, the behavior of which
is adaptable to a given image according to the values of
w (u,v) computed from f 0. When k = 0 and w(u,v) =
1"(u,v) 2 E, then it is the discrete analogue of the diffusion
flow on Riemannian manifolds [53].

Fig. 1(a) presents an initial image from the Berkeley Seg-
mentation Dataset and Benchmark (BSDB) [42]. The
behavior of the filter on this image is illustrated by
Fig. 2(a–d) for different numbers of iterations and values
of k. The image is represented by a grid graph. To demon-
strate the differences between the considered solutions, an
Fig. 2. Zoomed results of regularization related to Fig. 1 for p = 2 and
p = 1. (a) t = 10, k = 0, p = 2. (b) t = 50, k = 0, p = 2. (c) t = 50, k = 0.01,
p = 2. (d) t = 50, k = 0.25, p = 2. (e) t = 10, k = 0, p = 1. (f) t = 50, k = 0,
p = 1. (g) t = 50, k = 0.01, p = 1. (h) t = 50, k = 0.25, p = 1.
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area of Fig. 1(a) with significant structural content has
been cropped and zoomed (Fig. 1(b)). Fig. 2 presents
results for this cropped area. One can see the influence of
the k term which levels the influence of the data fidelity
term of the energy in the regularization. For k = 0 the
image becomes smooth, and one recovers a discrete ana-
logue of the diffusion flow (Fig. 2(a) and (b)). The data
fidelity term enables to level the smoothness of the result
because of the competition between the two terms of the
energy (Fig. 2(c) and (d)). The computational complexity
of the proposed filters in the case of p = 2 is O (n). Indeed,
for each iteration one has to compute the weights w(u,v)
whose computational complexity is O(n) and one
has to apply Eq. (20) whose computational complexity
is O(n).

3.3. Regularization algorithm for p = 1

When p = 1, it follows from (16) that the solution of (14)
is based on the nonlinear curvature operator j and satisfies

jf � þ 2kðf � � f 0Þ ¼ 0 ð22Þ
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Fig. 3. Comparison of filters efficiency in terms of MSE (first column) and NC
for different amounts of impulse noise.
The iterative scheme used to solve this problem is expressed
as follows:

f 0¼ f

cðtþ1Þðu;vÞ ¼ wðu;vÞ 1
eþkrf ðtþ1ÞðvÞkþ

1
eþkrf ðtþ1ÞðuÞk

� �
;8ðu;vÞ 2E;

f ðtþ1ÞðvÞ ¼ 2k
2kþ
P

u�v
ctðu;vÞ

f 0ðvÞþ
P

u�v
ctðu;vÞf tðuÞ

2kþ
P

u�v
ctðu;vÞ

;8v2 V ;

8>>>><
>>>>:

ð23Þ

Similarly as for p = 2, we can define the function
c : V ! Rþ by ctðvÞ ¼ 1

2kþ
P

u�v
ctðu;vÞ

and the iterative scheme

used to compute new values of ft is then expressed by:

f ðtþ1ÞðvÞ ¼ 2kctðvÞf 0ðvÞ þ ctðvÞ
X
u�v

ctðu; vÞf tðuÞ; 8v 2 V ;

ð24Þ

Compared with the iterative algorithm in the case of p = 2, it
is also a low pass filter but the coefficients are adaptively
updated for each iteration in addition of updating the
function f. It is worth to note the connection between the pro-
posed filter and the TV digital filter [16] (TV+L2). Indeed,
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with p = 1, if "(u,v) 2 E,w(u,v) = 1 i.e. the edges have all the
same weights, one recovers exactly the same iterative filtering
performed on a regular grid represented by a graph [16].

The behavior of the filter is illustrated by Fig. 2(e)–(h)
for different numbers of iterations and values of k. In order
to compare the results with p = 2, the same initial image
(Fig. 1(a)) and parameters are considered. In Fig. 2(e)–
(h), we observe that the smoothing process for the regular-
ization with p = 1 is more appropriate to preserve sharp
features during a smoothing process. Indeed, compared
with the solutions provided by Fig. 2(a)–(d), less smoothed
edges are obtained. The computational complexity of the
proposed filters in the case of p = 1 is O(n2). As for the case
of p = 2, one has to compute the weights w (u,v) the compu-
tational complexity of which is O (n). However, when we
apply the iterative scheme in Eq. (23), that has a computa-
tional complexity of O(n2). On the one hand, the computa-
tion of new values for the vertices has a computational
complexity of O (n). On the other hand, the coefficients
c(u,v) are updated for each iteration and the computational
complexity of this update is O (n2).
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Fig. 4. Comparison of filters efficiency in terms of MSE (first column) and NC
for different amounts of Gaussian noise.
3.4. The case of color images

Let f : X � R2 ! R3 be a color image of pixels. As
previously mentioned, we consider red–green–blue
images. To perform graph regularization on a color
image, a graph structure has to be associated to the
color image. As defined in Section 2.1, we can associate
a vector to each vertex of a graph. For the case of color
images, we define f 2HðV Þ; f : V ! R3 which associates
a red-green-blue color to each vertex. Similarly, we can
associate a weight to each edge of a graph,
w 2HðEÞ;w : E ! R3. The choice of the weight function
depends on the application of the regularization process,
we will come back on its definition in Section 4.1. To
perform the regularization on a grid representing a color
image, the iteration of Eq. (18) is considered. Since a
color image is composed of three channels, three
independent regularization processes are considered (each
channel is processed independently). This comes to have
three independent iterative regularization schemes (one
per channel fi with i 2 [1,3]):
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f ðtþ1Þ
i ðvÞ ¼ 2k

2kþ
P

u�vc
ðtÞ
i ðu; vÞ

f 0
i ðvÞ þ

P
u�vc

ðtÞ
i ðu; vÞf

ðtÞ
i ðuÞ

2kþ
P

u�vc
ðtÞ
i ðu; vÞ

ð25Þ

The p-Laplace operator is different for each channel and
one has

ciðu; vÞ ¼ wðu; vÞ krfiðvÞkp�2 þ krfiðuÞkp�2
� �

ð26Þ

for the ith channel. Applying the regularization in a com-
ponent-wise manner is interesting to develop a computa-
tional efficient solution. However, component-wise
processing of color images can have serious drawbacks
contrary to vector processing solutions. For instance, com-
ponent-wise median filters can introduce false colors [38].
To overcome this limitation, a regularization process acting
on vector-valued images needs to be driven by equivalent
geometric attributes, taking the coupling between vector
channels into account [64,67]. Therefore, component-wise
regularization does not have to use different local geome-
tries but a vector one. In the case of p = 2 the p-Laplace
operator is the same for the three channels, but in the case
of p = 1 it is different. As we have just mentioned, this is
not interesting for color images. Indeed, in this case, the
three regularization processes can be totally independent
if w(u,v) does not incorporate any inter-channel informa-
tion resulting in no coupling between the three regulariza-
tions. To overcome this limitation and in order to take into
account the inner correlation aspect of color vector data,
the p-Laplace operator is considered as being the same
for the three channel regularizations (channel coupling)
and is defined by

cðu; vÞ ¼ wðu; vÞ krf ðvÞkp�2
3D þ krf ðuÞkp�2

3D

� �
ð27Þ

The term krf ðvÞkp�2
3D is only used in the case of p = 1. The

norm of a color vector is defined as its multi-dimensional
Euclidean norm and remains the same whatever the color
channel under consideration is. This is required to have a
global vector geometry:

krf ðvÞk3D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
krf1ðvÞk2 þ krf2ðvÞk2 þ krf3ðvÞk2

q
ð28Þ

The proposed regularization applies therefore to each
channel of a color image with a weighting of edges and a
vector gradient norm acting both as a coupling between
channels to avoid the drawbacks of applying the regulari-
zation in a component-wise manner. The above formula-
tions have been applied in the processing of the images of
Fig. 2.
1 http://www.greyc.ensicaen.fr/~dtschump/.
4. Applications

In this Section, we show how the previously proposed
regularization can be used to perform color image restora-
tion, denoising, smoothing or segmentation. For p = 1 or
p = 2, since we consider color images, three iterative
schemes ((23) or (21)) are simultaneously considered (one
for each color channel).

4.1. Color image restoration/denoising

In the context of image restoration and denoising, the
similarity between two neighbor vertices u and v (two adja-
cent pixels) can be estimated by the following weight func-
tion (but any other formulation can be considered,
depending on the intended application):

wðu; vÞ ¼ 1

eþ kf ðuÞ � f ðvÞk ; with e! 0 ð29Þ

where the distance norm between two vertices (two colors)
is defined as

kf ðuÞ � f ðvÞk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX3

i¼1

kfiðuÞ � fiðvÞk2

vuut ð30Þ

with i 2 [1,3] denoting the number of the color channel. It
is worth to note that any weighting w quantifying the sim-
ilarity between adjacent vertices (i.e. pixels) can be consid-
ered. In this paper, Eq. (29) is considered for its simplicity
but other similarity measures are also of interest [41]. To
evaluate the abilities of the proposed family of filters, sev-
eral experimentations have been carried out. We consider
three different filters: the classical vector median filter [3],
the PDE-based color regularization of Tschumperlé [65]
(obtained from the author web page1.) and our proposed
family of filters. For the latter, we consider grid graphs
(one vertex per pixel) with the city-block distance (4-neigh-
borhood connectivity). The parameters p and k are the only
parameters of our filters and provide control over the per-
formance of the family of filters we propose, therefore dif-
ferent values of these parameters are considered. For the
PDE-based color regularization of Tschumperlé, default
parameters are used (more than ten parameters are used
in this method and we cannot test all of them). To have
an equivalent comparison of the proposed filters, only
one iteration of these ones is considered. To compare the
filtering performances of the different methods mentioned
above, we consider two types of noise: Gaussian and im-
pulse noise. Corruption by impulse noise is expressed as
[39]:

xi;j ¼
v with probability pv

oi;j with probability 1� pv

�
ð31Þ

where i,j characterize the sample position, oi,j is the original
sample, xi,j represents the sample from the noisy image, pv

is a corruption probability and v = (vR,vG,vB) is a noise vec-
tor of intensity random values [37]. For the experiments,
the considered degree of the impulse noise corruption pv

ranges from 1% to 30%. To evaluate the achieved results,
objective criteria such as mean square error (MSE) and

http://www.greyc.ensicaen.fr/~dtschump/
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normalized color difference (NCD) have been considered.
These objective quality measures can be expressed by the
following formulas:

MSE ¼ 1

NM

XN

i¼1

XM

j¼1

ðoi;j � xi;jÞ2 ð32Þ

NCD ¼
PN

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLo

i;j � Lx
i;jÞ

2 þ ðao
i;j � ax

i;jÞ
2 þ ðbo

i;j � bx
i;jÞ

2
q
PN

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðLo

i;jÞ
2 þ ðao

i;jÞ
2 þ ðbo

i;jÞ
2

q
ð33Þ

where L represents lightness values and a,b chrominance
values corresponding to the original oi,j and noisy xi,j sam-
ples expressed in the CIE LAB color space. The noise
Fig. 5. Illustrative examples of the filtering efficiency. First row: (a) zoomed p
image distorted by Gaussian noise (r = 5). Second row concerns the restoratio
achieved using the proposed filtering (p = 1, k = 0). (f) Restoration achieved wit
the restoration of Gaussian noise: (g) restoration achieved with the VMF, (h
restoration achieved with the PDE-based color regularization of Tschumperlé
attenuation properties of the different filters are examined
by utilizing the standard images parrots and peppers [55].

Fig. 3 shows the performances of the examined filters
expressed through MSE and NCD according to the degree
of impulse noise corruption. PDE-based color regulariza-
tion of Tschumperlé is not a good candidate for impulse
noise elimination and its behavior quickly degrades even
with small quantities of impulse noise. PDEs expressed
when separating chromaticity from brightness [59] seem
more appropriate for this kind of noise. This also is the
case of our filter for high values of k since it accentuates
fidelity to the content of the (noisy) image. For small por-
tions of impulse noise (less than 3%) our filters outperforms
the VMF when very small values of k are used. However,
as soon as noise corruption increases, the performance of
our proposed filters is not as good as the VMF. For our
art of the parrots test image, (b) image distorted by 5% impulse noise, (c)
n of impulse noise: (d) restoration achieved with the VMF, (e) restoration
h the PDE-based color regularization of Tschumperlé. Third row concerns
) restoration achieved using the proposed filtering (p = 1, k = 0.001), (i)

.
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family of filters, good parameters seem to be p = 1 and
k = 0. Figs. 5 and 6 present restored zoomed parts of the
parrots and peppers images with the VMF (Fig. 5(d) and
6(d)), our new filter with p = 1,k = 0 (Fig. 5(e) and 6(e))
and the one of Tschumperlé (Fig. 5(f) and 6(f)). Fig. 5(a)
and 6(a) present the zoomed part of the original image
and Fig. 5(b) and 6(b) their 5% impulse noise corrupted
versions. One can see that our filter better preserves edges
while suppressing noise.

Fig. 4 shows the performances of the examined filters
expressed through MSE and NCD according to the degree
of Gaussian noise corruption. The PDE-based color regu-
larization of Tschumperlé now is much more competitive,
but this also is the case of our proposed filters when small
values of k are used. The VMF results always are worse
than the results produced using the proposed filters and
the method by Tschumperlé. For our family of filters, good
Fig. 6. Illustrative examples of the filtering efficiency. First row: (a) zoomed p
image distorted by Gaussian noise (r = 5). Second row concerns the restoratio
achieved using the proposed filtering (p = 1, k = 0). (f) Restoration achieved wi
the restoration of Gaussian noise: (g) restoration achieved with the VMF, (h
restoration achieved with the PDE-based color regularization of Tschumperlé
parameters seem to be p = 1 and k = 0.001. Figs. 5 and 6
present restored zoomed parts with the VMF (Fig. 5(g)
and 6(g)), our new filter with p = 1,k = 0.001 (Fig. 5(h)
and 6(h)) and the one of Tschumperlé (Fig. 5(i) and 6(i)).
Fig. 5(c) and 6(c) present the corrupted versions with
Gaussian noise (r = 5) of the original zoomed parts.
Results for our filter and Tschumperlé’s one are very sim-
ilar, the latter providing slightly more contrasted results.

We have seen that the family of filters proposed in this
paper is a good candidate both for Gaussian and impulse
noise filtering. However, we have considered, in the above
experiments, only one iteration of the filters. They can
achieve better performance when iterated since their mini-
mization process is based on such an iterated one. Fig. 7
presents convergence depending on the iteration of one fil-
ter with given parameters (p = 1, k = 0.01) for both differ-
ent amounts of Gaussian and impulse noise. The
art of the peppers test image, (b) image distorted by 5% impulse noise, (c)
n of impulse noise: (d) restoration achieved with the VMF, (e) restoration
th the PDE-based color regularization of Tschumperlé. Third row concerns
) restoration achieved using the proposed filtering (p = 1, k = 0.001), (i)

.
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convergence is evaluated in terms of MSE and NCD
changes in subsequent iterations of the filter. These objec-
tive quality criteria for both Gaussian and impulse noise
are shown for different amount of noise introduced in the
parrots test image. We only consider the case of p = 1,
since for p = 2, convergence is very quickly obtained (less
than 5 iterations). For p = 1, one can see that optimal
results can also be obtained in a low number of iterations
(from 5 to 10 iterations). As expected, the iterative applica-
tion of the proposed filters enables to accentuate their fil-
tering abilities. The number of required iterations
increases with the level of noise while remaining quite
small; and for small noise portions, very few iterations
are needed. Finally, the use of 8-neighborhood connectivity
with the proposed filters will surely provide better results
but this has to be assessed.

4.2. Color image simplification

Image simplification can be performed by graph regular-
ization on grid graphs but that requires a higher number of
iterations. Another graph structure can be considered since
the pixel grid is not a natural representation of visual
scenes. Indeed, it is much more natural, and presumably
more efficient, to work with perceptually meaningful enti-
ties obtained from a low-level grouping process: one can
consider what is called fine partitions. A fine partition is
an over-segmented partition of an image [1,68]. Since it is
over-segmented, the reconstructed color image associated
to the fine partition is very close to the initial image. Con-
structing this so-called mosaic image [2] (each pixel has the
average color of its surrounding region) is similar to
achieving an image simplification the result of which is
piecewise constant. The graph structure associated to an
image partition is the region adjacency graph. Therefore,
image simplification can be performed on that graph and
not on the pixel grid. That’s quite interesting since the
RAG has less vertices than the grid graph, and so the graph
regularization can be computed much faster.

Fig. 8 presents results of image simplification. The initial
image (Fig. 8(a)) has been segmented by two different seg-
mentation methods (quasi flat zones [52] and homogeneous
zones [46]) which can produce fine partitions (Fig. 8(b) and
8(c)). Those partitions have a number of regions which are



Fig. 8. Smoothing of a color image depending on the initial image fine partition. (a) Initial image (150072 pixels). (b) Quast flat zones (51882 regions). (c)
Homogeneous zones (3011 regions). (d) Colorized image of (b) (PSNR = 31.75 dB. (e) t = 5, p = 1, k = 0.01. (f) t = 100, p = 1, k = 0.01. (g) Colorized
image of (c) (PSNR = 31.80 dB. (h) t = 5, p = 1, 0.01. (i) t = 100, p = 1, k = 0.01.
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significantly less important than the pixels of the initial
image (around 3 times less for the quasi flat zones and 50
times for the homogeneous zones), but their visual content
still is close to the image initial content (see the colorized
version of each fine partition in Fig. 8(d) and 8(g)). Since
the simplification is performed on the Region Adjacency
Graph of a fine partition, each region is described by its
mean color; and the graph regularization operates on these
models. The used weight function of edges w (u,v) is the
same as for image restoration. The simplification effect pri-
marily depends on the fineness of the fine partition. For
very fine partitions, the simplification is small. For coarser
fine partitions, the simplification is higher. This is illustrat-
ed in Fig. 8(e)–(f) and (h)–(i) for two different fine parti-
tions with the same simplification parameters. Therefore,
this image simplification method is an interesting alterna-
tive to classical image simplification: it is much faster, the
acceleration factor depends on the fineness of the partition
used to construct the region adjacency graph and the sim-
plification depends on the number of iterations and on k.

4.3. Color image segmentation

We have seen that fine partitions (over-segmented seg-
mentations) are of interest for image smoothing within
the proposed graph regularization framework. First, this
method is a faster alternative to classical image simplifica-
tion, since it operates on a set which is much less important
than the whole pixel grid. Second, classical scale-space gen-
eration by image simplification implies a loss of resolution
and a displacement of edges across the scales which has to
be solved by specific linking schemes [66], this is not the
case with our approach to color image smoothing. Third,
the simplified RAG can be used to obtain easily an
improved segmentation as compared to the original fine
one. Therefore, we propose to couple graph regularization
with graph decimation by merging vertices after each RAG
regularization step. Since the model attached to each RAG
vertex is simplified by regularization for each iteration,
similar regions tend to similar models and can be merged.
This can be observed on Fig. 8(i) where a lot of regions
have come to those having same color, although it was
not the case on the original reconstructed mosaic image
(Fig. 8(g)). A graph decimation will further decrease the
computation time since the simplification will operate on
a restricted RAG after the merging of similar vertices. This
is the core of our proposal for color image segmentation
which produces an irregular pyramid since it is based on
graph decimation (i.e. region merging).

Our graph regularization method is a good way to
obtain simplified versions of the models associated to ver-
tices of the RAG of a fine partition. Indeed, it produces
a hierarchy of images simplified at different scale levels.
As stated above, we can make the most of the regulariza-
tion to simplify the structure of the graph too. In fact,
graph regularization tends to bring similar models closer
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and similar regions can merge then. The idea of merging
regions in a partition is quite old [29] and is the basis of
a lot of hierarchical methods such as irregular pyramids
[45]. For a complete merging strategy based on a RAG,
several notions have to be defined [51]:

• The region model MR: a model defines how to represent
a region and also the union of two of them.

• The merging order O (Ri,Rj): it associates to each edge of
the RAG a similarity measure (a weight) between adja-
cent vertices. This order is a function defined for each
couple of neighbor regions and its values belong to a
totally ordered set A which provides the set of scales.

• The merging predicate C (Ri,Rj): this criterion defines if
two regions have to merge or not.

Creating a hierarchy of partitions by a region merging
algorithm simply consists in pairwise merging of regions
and in updating the RAG structure [40]. For each thresh-
old a 2A, one can define a contraction kernel [34] on
the graph which merges regions, the edge weight of which
is lower than a given a threshold. This provides a partition
Fig. 9. Initial images (first column), fine partitions of the original images (seco
column).
Pa for each scale a. The construction of Pa is equivalent to
finding the maximal connected components on the graph,
the similarity of which is under the scale level a and
H ¼ fP aga2A is a hierarchy of nested partitions (since each
region of Pa+1 is a disjoint union of regions of Pa). We pro-
pose to combine this type of hierarchical segmentation
which proceeds to a graph decimation with the previously
proposed graph regularization. The principle is iterative
and consists in alternating regularization and decimation
of the RAG. For each iteration, models attached to each
vertex are simplified and similar regions are merged accord-
ing to a given merging criterion [22]. Each region is mod-
eled by its average color: MRi ¼ f ðviÞ. MRi is therefore a
vector of 3 components. The union of regions having to
be computed fast, it is defined directly from the two models
merging: MRi [MRj ¼ f ðviÞ [ f ðvjÞ ¼ f ðviÞ þ f ðvjÞ. The
merging order is directly based upon the similarity between
regions: O(Ri,Rj) = O(vi,vj) = if(vi) � f(vj)i. To perform the
merging of regions that fulfills the merging criterion, edges
are ranked into a hierarchical priority queue according to
the edge weights. For each merging, the edge of minimum
cost is removed from the hierarchical queue. The next step
nd column), the reconstructed color images from the fine partitions (third
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consists in merging the information of both regions associ-
ated to the edge. As a result, region models and edge
weights are updated. Algorithm 1 lists the pseudo-code
where a is the level of the hierarchy, one goes from one
scale level a to the next one (a + 1) only if regions have
merged. The symbol |.| denotes the cardinality when
applied to a set.

Algorithm 1 (Algorithm for color image segmentation.).

a ‹ 0; Define aend

Ga ¼ ðV a;EaÞ for an initial partition Pa.
while a 6 aend do
Fig. 10
adapti
hierarc
Regularize the graph Ga

for all the edges El = (vi,vj) 2 Va · Va do

if C(vi,vj) then
. M
ve t
hic
Add El to the contraction kernel Ka
ulti-scale segmentations in a hierarchy of partitions for scales 5, 10, 1
hreshold (second row). Third row, columns 1 and 3 show the salien
al view of the region adjacency graphs. Hierarchies were obtained o
end if

end for

if jKaj > 0 then

Contract the graph Ga with the contraction kernel
Ka : Gaþ1 ¼KaðGaÞ
a ‹ a + 1

end if

end while

However, one thing remains to be defined: the merging
predicate C(vi,vj). Several possible choices include: a fixed
threshold, an evolving threshold and an adaptive thresh-
old. For fixed threshold the merging predicate is
O(vi,vj) < a. For an evolving threshold, the merging predi-
cate is the same but after each iteration the threshold is
increased via a = a + d (d is fixed to 0.25 in this paper).
For an adaptive threshold, the threshold is dynamically
5 and 20 with two different merging criteria: fixed threshold (first row) and
cy map of the produced hierarchy. Third row, columns 2 and 4 present a
n Fig. 9(a) with the fine partition of Fig. 9(b).
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determined from the image distribution (such as in [47] for
instance) but for the sake of brevity, we do not consider
that issue in this paper.

Figs. 10 and 11 present, for two color images from the
BSDB [42] (shown in Fig. 9), multi-scale segmentations
obtained by the proposed approach with two different
merging predicates for the levels 5, 10, 15 and 20. We con-
sider a regularization with p = 1 and k = 0. The initial fine
partition was obtained by extracting homogeneous zones
using a connective criterion defined in [46]. Fig. 9 presents
the initial images together with the corresponding fine par-
titions and reconstructed colorized images. As seen in
Fig. 9, fine partitions are very close to the initial images
contents (the corresponding PSNR is of 117.33 and
112.42) but their number of regions is much lower (resp.
41212 and 24725) than the whole number of pixels on the
image grid (154401). For each image, two segmentation
hierarchies are provided (illustrated by the produced
Fig. 11. Multi-scale segmentations in a hierarchy of partitions for scales 5, 10, 1
(first row) and adaptive threshold (second row). Third row, columns 1 and 3 sho
present a hierarchical view of the region adjacency graphs. Hierarchies were o
partitions in Figs. 10 and 11), one for a fixed threshold
equal to 1 (first rows of Fig. 10 and 11) and one for an
evolving threshold (second rows of Fig. 10 and 11). To
assess the influence of the merging predicate on the hierar-
chical segmentations, saliency maps are provided for the
different predicates (third row, columns 1 and 3 of
Fig. 10 and 11). A saliency map illustrates the importance
of each pixel among the levels, the saliency of a pixel being
defined as the highest level for which it occurs at the
boundary between two regions (in the saliency map images,
the gray level corresponds to the hierarchy level, therefore
the highest the brightest). To illustrate the decimation pro-
cesses, hierarchical views of the produced irregular pyra-
mids are provided (third row, columns 2 and 4 of Figs.
10 and 11). A sphere is associated to each vertex (i.e.
region) of the pyramid. The radius of the sphere is propor-
tional to the area of the region associated to the vertex. The
color of the sphere depends on f (vi). With a fixed threshold,
5 and 20 (columns 1–5) with two different merging criteria: fixed threshold
w the saliency map of the produced hierarchy. Third row, columns 2 and 4
btained on Fig. 9(d) with the fine partition of Fig. 9(e).
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the number of scales is high and the produced image seg-
mentation is very close to the initial image even if the num-
ber of regions is significantly less important than the initial
number of pixels. For the other predicate, less levels and
coarser segmentations are obtained faster. This is related
to the combination of simplification and decimation when
the decimation criterion changes across scales. The pro-
duced hierarchies are good and extract the primary visual
components from the image. Contrary to several multi-
scale methods which first simplify the image and then seg-
ment it [58], our approach makes it possible to combine
these two approaches in a single faster algorithm.

5. Conclusions

We have considered a discrete regularization framework
based on graph differential geometry. A family of linear
and nonlinear filters was derived from this general frame-
work. The discrete framework we used to process color
images relies on the use of weighted graphs of the arbitrary
topology. The proposed framework has been successfully
applied to color image processing problems such as resto-
ration, denoising and segmentation. There are a lot of pos-
sible extensions to this work. For example, one can process
color adjacency graphs representing color images or color
histograms for color image clustering purposes. Moreover,
it is also known that better processing results can be
obtained on color images when one separates chromaticity
from brightness; the proposed framework has therefore to
integrate such a representation. Finally, the proposed dis-
crete regularization framework can be applied and adapted
to a large number of applications such as color active con-
tours, image inpainting, structure-texture image decompo-
sition, etc.
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